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Hawking radiation from rotating AdS black holes in
conformal gravity
Shuang-Qing Wu, Gao-Ming Deng1 and Di Wu
Abstract We extend to study Hawking radiation via
tunneling in conformal gravity. We adopt Parikh-
Wilczek’s semi-classical tunneling method and the
method of complex-path integral to investigate Hawk-
ing radiation from new rotating AdS black holes in con-
formal gravity. In this paper, the research on Hawking
radiation from the rotating black holes is done in a gen-
eral system, not limited in dragging coordinate systems
any longer. Moreover, there existed some shortcomings
in the previous derivation of geodesic equations. Dif-
ferent from the massless case, they used a different ap-
proach to derive the geodesic equation of the massive
particles. Even the treatment was inconsistent with
the variation principle of action. To remedy the short-
coming, we improve treatment to deduce the geodesic
equations of massive and massless particles in a unified
and self-consistent way. In addition, we also recover the
Hawking temperature resorting to the complex-path in-
tegral method.
Keywords Hawking radiation, Conformal gravity,
Geodesic equation, Tunneling probability
1 Introduction
Conformal gravity, which is an invariant gravity the-
ory under the Weyl conformal transformation, had
been advanced (Englert et al. 1976) for a long time.
As an intriguing higher-derivative theory (Shin et al.
1989; Flanagan 2006), it was initially hoped for an
alternative candidate for a renormalizable quantum
gravity beyond Einstein’s theory of general relativ-
ity, and had attracted a lot of attention (Jackiw
Shuang-Qing Wu, Gao-Ming Deng and Di Wu
1Institute of Theoretical Physics, China West Normal University,
Nanchong 637002, Sichuan, China
e-mail: gmd2014cwnu@126.com
1978; Mansouri 1979; Binegar et al. 1983; Riegert 1984;
Fradkin and Palchik 1984; Horne and Witten 1989;
Novozhilov and Vassilevich 1989; Mannheim and Kazanas
1989; Elizondo and Yepes 1994) during the past decades.
An attractive property of conformal gravity is that it
is a gauge covariant theory (Jackiw 1978; Mansouri
1979; Horne and Witten 1989) which shares many
similar characters to that of Yang-Mills gauge the-
ory. In particular, with exact static black hole so-
lutions to conformal gravity found in (Riegert 1984;
Mannheim and Kazanas 1989), Birkhoff’s theorem was
investigated (Riegert 1984) and an explanation of galac-
tic rotating curves was made (Mannheim and Kazanas
1989) in the context of the theory. In recent years, re-
newed interest in conformal gravity theory has stirred
people’s nerves once again (Maldacena 2011; Fabbri and Paranjape
2011; O’Brien and Mannheim 2011; Nesbet 2012; Mannheim and O’Brien
2013; Sultana et al. 2012; Lu¨ et al. 2012; Dunajski and Tod
2013; Cattani et al. 2013). Among these investigations,
there is an attempt to give an interpretation of the
accelerating expansion of the Universe without intro-
ducing dark matter and dark energy (Nesbet 2012).
Meanwhile, with the help of exact vacuum static solu-
tion to conformal gravity, the rotating curves of galaxies
(O’Brien and Mannheim 2011; Mannheim and O’Brien
2013) and the perihelion precession (Sultana et al.
2012) as well as light deflection (Cattani et al. 2013)
have been researched once more.
It is established that any (A)dS black hole solution
in pure Einstein gravity can be embedded into that
of conformal gravity. Although static black hole so-
lution to conformal gravity was known (Riegert 1984;
Mannheim and Kazanas 1989) long ago, the construc-
tion of a rotating AdS black hole solution remains ob-
scure until recently. Therefore, it is of particular in-
terest to obtain new rotating black holes in confor-
mal gravity that is beyond Einstein’s gravity theory.
Only quite recently, an exact solution that describes
2a rotating and charged AdS black hole has been con-
structed in (Liu and Lu¨ 2013) where its global structure
and some thermodynamical properties with an unusual
Bekenstein-Smarr formula are analyzed.
As an intriguing viewpoint, regarding the Hawking
radiation (Hawking 1975) as a tunneling process initi-
ated by Kraus and Wilczk (Kraus and Wilczek 1995,
1996) has received so popular attentions that it can
be applicable in various black holes. However, seen
from large numbers of previous works concentrating on
Hawking radiation as tunneling, they were almost lim-
ited in Einstein gravity, Horava-Lifshitz gravity and the
like, unfortunately, research on the tunneling radiation
in conformal gravity was a glaring blank so far. In-
stead, understanding about Hawking radiation would
be more perfect if only extending to study that in con-
formal gravity. What’s more, as for the new rotating
AdS black hole (Liu and Lu¨ 2013), some other proper-
ties, for example quantum thermal effect etc., are so
attractive that deserving further study. Motivated by
these facts, in this paper one of focuses is on extending
to explore the Hawking radiation as tunneling from the
new rotating AdS black hole in conformal gravity, thus
filling the blank.
As far as the relatively recent research on the
tunneling picture of Hawking radiation is concerned,
two different approaches are currently very popular,
one is the Parikh-Wilczek’s semi-classical tunneling
method (Parikh and Wilczek 2000) (based upon the
early developments (Kraus and Wilczek 1995, 1996;
Keski-Vakkuri and Kraus 1997)), the other is the
Hamilton-Jacobi tunneling method (Angheben et al.
2005) which is developed from the method of complex-
path integral proposed in (Srinivasan and Padmanabhan
1999; Shankaranarayanan et al. 2002). Soon after the
appearance of Parikh-Wilczek’s work (Parikh and Wilczek
2000) on the semi-classical treatment of Hawking radi-
ation as tunneling, a large amount of work has been
focused on directly applying it to various cases of black
holes such as those in de Sitter (Parikh 2002; Medved
2002; Zhang and Zhao 2005; Li et al. 2009), anti-de
Sitter (Hemming and Keski-Vakkuri 2001; Liu 2006;
Wu and Jiang 2006) space-times, static (Vagenas 2002,
2003; Zhang and Zhao 2005; Wu and Jiang 2006; Jiang
2006; Sarkar and Kothawala 2008; Matsuno and Umetsu
2011; Kim 2011) and spherical symmetric (Chakraborty et al.
2010), rotating charged (Jiang et al. 2006; Ali 2007;
Umetsu 2010; Li 2010), accelerating and rotating
(Rehman and Saifullah 2011; Gillani et al. 2011) black
holes in Einstein-Maxwell theory, black holes in Einstein-
Maxwell-dilaton gravity (Slavov and Yazadjiev 2012),
Black Holes in Horava-Lifshitz gravity (chen et al.
2009; Peng and Wu 2010), and those in Einstein-Gauss-
Bonnet gravity (Muneyuki and Ohta 2012) as well
as dynamic black holes in noncommutative gravity
(Mehdipour 2010; Nozari and Islamzadeh 2012). Al-
though both methods are used to calculate the tun-
neling probability of Hawking radiation, they are es-
sentially different in one important aspect: the Parikh-
Wilczek’s semi-classical tunneling method considers the
fluctuation of the background spacetime with the total
conserved quantities (mass, charge, and angular mo-
mentum) fixed, while the method of complex-path in-
tegral neglects the back reaction on the black hole ge-
ometry.
Parikh-Wilczek’s semi-classical tunneling method is
a popular treatment for studying Hawking radiation via
tunneling from rotating black holes, with its help the
gravitation effects need not to be taken into account in
our discussion. However, an important issue deserves
our more attentions, namely, the frame-dragging effect
of a rotating black hole. In general, as a result of a
frame-dragging effect of the coordinate system in the
rotating spacetime, the matter field in the ergosphere
near the horizon must be dragged by the gravitational
field with an azimuthal angular velocity, so a legitimate
physical picture should be described in the dragging
coordinate system. Moreover, due to the presence of
rotation, the event horizon does not coincide with the
infinite red-shift surface, the geometrical optical limit
cannot be used there since the Kraus-Parikh-Wilczek’s
analysis is essentially akin to a WKB (‘s-wave’) approx-
imation. Fortunately, this superficial difficulty can be
easily overcome by performing a dragging coordinate
transformation which makes the event horizon coincide
with the infinite red-shift surface so that the WKB ap-
proximation can be applied now. Therefore, Parikh-
Wilczek’s semi-classical tunneling method will be used
in the dragging coordinate system to investigate the
tunneling process of the rotating black hole in confor-
mal gravity (Liu and Lu¨ 2013) in this paper.
With regard to the method of complex-path integral,
it is only focused on the leading term to calculate the
tunneling probability of Hawking radiation while the
background spacetime is considered to be fixed to sim-
plify the integration of the Hamilton’s principal func-
tion. However, in the method of complex-path inte-
gral (Angheben et al. 2005; Di Criscienzo et al. 2010;
Rahman and Hossain 2012), one often employs a drag-
ging coordinate system rather than a non-dragging one
to study Hawking radiation from rotating black holes.
However it is reasonable that investigations on the
Hawking radiation could have still been completed in a
generic non-dragging coordinate system without using
a dragging one. Motivated by this, as an improvement,
our one attempt is focused on using it without a co-
ordinate transformation, even for rotating black holes.
3Actually, it’s available. We will apply this method in a
non-dragging coordinate system to calculating the tun-
neling probability of rotating AdS black holes in confor-
mal gravity. For the sake of contrast, in the present pa-
per we will investigate the tunneling radiation by means
of the Parikh-Wilczek’s semi-classical tunneling method
in a dragging coordinate system and the method of
complex-path integral without a dragging coordinate
transformation in turn. What’s more, it is worth not-
ing that the trick of applying the first law of black hole
thermodynamics will greatly simplify the tunneling in-
tegration calculation.
By the way, to facilitate investigation of the tun-
neling radiation from rotating AdS black holes in con-
formal gravity, we will introduce a superior coordi-
nate transformation from various coordinate transfor-
mations and recast the new neutral black hole solution
into a beautiful form which can apparently satisfy Lan-
dau’s condition of the coordinate clock synchronization
(Landau and Lifshitz 1987) in the dragging coordinate
system, so that the simultaneity of coordinate clocks
could be transmitted from one place to another and
has nothing to do with the integration path. In quan-
tum mechanics, particle tunneling across a barrier is an
instantaneous process, therefore this property is neces-
sary for us to investigate the tunneling process. In con-
trast to this, in the Appendix we will show another kind
of the coordinate transformation which can not fulfill
Landau’s condition of the clock synchronization.
The derivation of particles’ geodesic equations is
an important aspect in studying Hawking radiation.
However, there existed some shortcomings in previ-
ous derivation. For the case of massive particles, the
geodesics were derived by adopting the relation vp =
vg/2 between the group velocity and the phase veloc-
ity, which is inconsistent with the variation principle
of action. According to the variation principle of ac-
tion, in General Relativity, geodesic equations should
be defined by applying the variation principle on the La-
grangian action. What’s more, the above treatment is
not applicable for defining the geodesics of massless par-
ticles. Differently, the geodesic equation of the massless
particles used to be derived by using ds2 = 0. In this
paper, we will first get the geodesic equation of massive
particles by applying the variation principle on the La-
grangian action. Then the massless particles’ geodesic
equation can be derived by taking an proper limit of
the massive case. Therefore, the geodesic equations of
massive and massless particles are derived in a unified
and self-consistent way (Wu et al. 13).
Our paper is organized as follows. To begin with,
we shall review the rotating neutral solution and its
thermodynamics of AdS black holes (Liu and Lu¨ 2013)
recently constructed in the context of conformal gravity
in Section 2. After that, geodesic equations of massive
and massless particles will be derived in a unified and
self-consistent way in Section 3. As an example, in
Section 4 we will calculate the tunneling probability of
the rotating AdS black holes by adopting the Parikh-
Wilczek’s semi-classical tunneling method in a dragging
coordinate system and the method of complex-path in-
tegral in a non-dragging one respectively. In Section 5,
we shall work out the Hawking temperature by means of
complex-path integral and make a comparison with the
temperature given in (Liu and Lu¨ 2013) via the stan-
dard method. Section 6 is devoted to our conclusions
and discussion. The Appendix will give another kind
of coordinate transformation.
2 Rotating AdS black holes in conformal
gravity and its thermodynamics
Recently, a new rotating charged AdS black hole solu-
tion in conformal gravity that is beyond Einstein grav-
ity was constructed in (Liu and Lu¨ 2013). In this sec-
tion, we will review the thermodynamical aspect of the
neutral rotating charged AdS black hole that is relevant
to our research. Introducing the coordinate transfor-
mations t→ t˜, φ→ φ˜− ag2t˜, the neutral rotating AdS
black hole solution can be written as
ds˜2 = − ∆rΣΞ2 (∆θdt˜− a sin2 θdφ˜)2 +Σ
(
dr2
∆r
+ dθ
2
∆θ
)
+∆θ sin
2 θ
ΣΞ2
[
a(1 + g2r2)dt˜− (r2 + a2)dφ˜]2, (1)
where
Σ = r2 + a2 cos2 θ , ∆θ = 1− g2a2 cos2 θ ,
∆r = (r
2 + a2)(1 + g2r2)− 2µr3 , Ξ = 1− g2a2 ,
in which a, µ and g2 are parameters related to the mass,
angular momentum and the cosmological constant Λ =
−3g2 respectively.
Accompanying with this new neutral rotating black
hole solution, thermodynamical quantities were also
given in (Liu and Lu¨ 2013). The entropy and temper-
ature are given by
T =
r2+(g
2r2+ − 1)− a2(3 + g2r2+)
4pir+(r2+ + a
2)
, (2)
S = −2piαa
2(1 + g2r2+)
Ξr2+
. (3)
Note that the parameter α should be negative for a
positive entropy in this neutral black hole. The energy
and the angular momentum are computed as
E = −2αa
2g2µ
Ξ2
, J = −2αaµ
Ξ2
, (4)
4and the angular velocity at the horizon is
Ω =
a(1 + g2r2+)
(r2+ + a
2)
. (5)
Conjugate to the cosmological constant Λ, the corre-
sponding thermodynamical potential Θ is given by
Θ =
αa2(r2+ + a
2)(1 + g2r2+)
6Ξ2r3+
. (6)
These quantities obey the differential form of the first
law of black hole thermodynamics
dE = TdS +ΩdJ +ΘdΛ , (7)
while the so-called “Smarr formula” in Ref. (Liu and Lu¨
2013) takes an unusual form
E = 2ΘΛ , (8)
where Λ is a thermodynamic variable resembles the case
in paper (Dolan et al. 2013). It can be verified that this
formula is indeed valid, whilst the usual integral Smarr
formula can not hold true anymore in conformal gravity
theory. This feature might hint an important difference
(Lu¨ et al. 2012) of conformal gravity from that of the
ordinary General Relativity. However, in this paper,
we restrict ourself to the case in which Λ is treated as
a true constant.
In order to explore Hawking radiation as tunneling
from black holes in conformal gravity in a convenient
way, it needs to make a proper coordinate transforma-
tion. Undoubtedly, there are various possible coordi-
nate transformations, such as a different one given in
the Appendix. Here we choose a superior one as follows,
its superiority will be shown in the dragging coordinate
system later on.
dt˜ = dt−
√
r2+a2
√
(r2+a2)(1+g2r2)−∆r
∆r
√
1+g2r2
dr , (9)
dφ˜ = dφ− a
√
1+g2r2
√
(r2+a2)(1+g2r2)−∆r
∆r
√
r2+a2
dr . (10)
After performing the above coordinate transformations,
the line element (1) is changed to the following form,
ds2=− (1 + g
2r2)∆θ
Ξ
dt2 +
Σ
∆θ
dθ2 +
(r2 + a2) sin2 θ
Ξ
dφ2
+
[√
(r2 + a2)(1 + g2r2)−∆r√
ΣΞ
(∆θdt− a sin2 θdφ)
+
√
Σ
(r2 + a2)(1 + g2r2)
dr
]2
. (11)
It is obvious that in the new form (11), the metric is
well behaved at the horizon. In addition, if we set
g2 = 0 it will degenerate into a form which is analo-
gous to the Kerr solution (Jiang et al. 2006; Wu et al.
13) if expressed in the Painleve´-Gullstrand coordinate
system.
3 Geodesic equations of tunneling particles
In this section, we work out geodesic equations of mas-
sive particles in the new neutral rotating AdS black
holes in conformal gravity in a non-dragging coordinate
system. Then, we do a similar analysis in the dragging
coordinate system.
3.1 Geodesic equations of tunneling particles in a
generic non-dragging coordinate system
Associated with the stationary black hole solutions,
there, in general, exist three conserved integration con-
stants that can be deduced via the variational princi-
ple. And these will give rise to the null and timelike
geodesic equation as well. Here we restrict the Hamil-
tonian H = mgµν x˙µx˙ν/2 to be a constant, namely
H = −mk/2, (k = 0, 1) in which the constant k can
take two different values corresponding to the 4-velocity
normalization condition of null and timelike geodesic,
respectively. Adding two more constants E (energy)
and L (angular momentum), one can completely deter-
mine the geodesic equations of massive particles. In
addition, of special interest is that we can derive the
geodesic equations of massless particles if we set k = 0,
or the rest mass m = 0 from the geodesic equations
of massive particles. As a consequence, we can write
out geodesic equations of massive and massless parti-
cles in a unified way, thus extending the original work
(Wu et al. 13) to the case in conformal gravity.
At first, we plan to derive the geodesic equation of
massive particles from the above metric (11) which is
expressed in a non-dragging coordinate system.
According to Chandrasekhar’s book (Chandrasekhar
1992), the corresponding Lagrangian that we consider
for a massive particle is,
L=m
2
gµν x˙µx˙ν
=
m
2
{
− (1 + g
2r2)∆θ
Ξ
t˙2 +
Σ
∆θ
θ˙2 +
(r2 + a2) sin2 θ
Ξ
φ˙2
+
[√
(r2 + a2)(1 + g2r2)−∆r√
ΣΞ
(∆θ t˙− a sin2 θφ˙)
+r˙
√
Σ
(r2 + a2)(1 + g2r2)
]2}
. (12)
in which m is the rest mass of particle. We derive
the Lagrangian (12) from universal theory which is
5not dependent on specific gravity, it’s also available for
conformal gravity. From it the generalized momenta
Pα = ∂L/∂x˙α can be deduced and given by
Pt=
m∆θ
Ξ
{
− (1 + g2r2)t˙
+r˙
√
1− ∆r
(r2 + a2)(1 + g2r2)
+
(r2 + a2)(1 + g2r2)−∆r
ΣΞ
(∆θ t˙− a sin2 θφ˙)
}
, (13)
Pr=m
[
Σ
(r2 + a2)(1 + g2r2)
r˙
+
√
1− ∆r
(r2 + a2)(1 + g2r2)
∆θ t˙− a sin2 θφ˙
Ξ
]
, (14)
Pθ =
mΣ
∆θ
θ˙ , (15)
Pφ=
m
Ξ
{
(r2 + a2) sin2 θφ˙
−a sin2 θ
[
r˙
√
1− ∆r
(r2 + a2)(1 + g2r2)
+
(r2 + a2)(1 + g2r2)−∆r
ΣΞ
(∆θ t˙− a sin2 θφ˙)
]}
.
(16)
The corresponding Hamiltonian can be obtained via the
Legendre transformation,
H = t˙Pt + r˙Pr + θ˙Pθ + φ˙Pφ − L = mgµν x˙µx˙ν/2 .
In consequence, we have
H= m
2
{
− (1 + g
2r2)∆θ
Ξ
t˙2 +
Σ
∆θ
θ˙2 +
(r2 + a2) sin2 θ
Ξ
φ˙2
+
[√
(r2 + a2)(1 + g2r2)−∆r√
ΣΞ
(∆θ t˙− a sin2 θφ˙)
+r˙
√
Σ
(r2 + a2)(1 + g2r2)
]2}
. (17)
Here t and φ act as ignorable coordinates, and they
correspond to the conserved generalized momenta Pt
and Pφ. Let them be two integral constants E and L
respectively,
Pt = E , Pφ = L , (18)
we also have the 4-velocity normalization condition,
H = −mk/2 .
Solving these three conditions for r˙, t˙ and φ˙, we can
obtain
r˙=±
√
W
mΣ
, (19)
t˙=
1
mΣ∆r
[
− (r2 + a2)Y + a∆r
(
L+
aE sin2 θ
∆θ
)
±
√(
r2 + a2 − ∆r
1 + g2r2
)
(r2 + a2)W
]
, (20)
φ˙=
1 + g2r2
mΣ∆r
{
− aY + ∆r∆θ
(
L+ aE sin
2 θ
∆θ
)
(1 + g2r2) sin2 θ
±a
√[
1− ∆r
(r2 + a2)(1 + g2r2)
]
W
}
, (21)
where we denote
W =Y 2 − ∆r(L∆θ + aE sin
2 θ)2
∆θ sin
2 θ
−∆r(m2kΣ+∆θP 2θ ),
Y =(r2 + a2)E + aL(1 + g2r2) .
With these equations in hand, we proceed to derive the
geodesic equations of massive particles in a pretty form
in a non-dragging coordinate system. For the radial
part, we get
r¯=
dr
dt
=
r˙
t˙
=∆r
[
(r2 + a2)
√
1− ∆r
(r2 + a2)(1 + g2r2)
±
−(r2 + a2)Y + a∆r
(
L+ aE sin
2 θ
∆θ
)
√
W
]−1
, (22)
and for the angular part,
φ¯=
dφ
dt
=
φ˙
t˙
=(1 + g2r2)
{
− aY +
∆r∆θ
(
L+ aE sin
2 θ
∆θ
)
(1 + g2r2) sin2 θ
±a
√[
1− ∆r
(r2 + a2)(1 + g2r2)
]
W
}
×
{
− (r2 + a2)Y + a∆r
(
L+
aE sin2 θ
∆θ
)
±
√[
r2 + a2 − ∆r
1 + g2r2
]
(r2 + a2)W
}−1
, (23)
where the signs “ ± ” correspond to the geodesics of
ingoing and outgoing particles from the event horizon.
6Next, we will also check their asymptotic behavior of
the outgoing particles near the event horizon. When r
goes to r+, the radial equation (22) and angular equa-
tion (23) behave like
r¯ =
dr
dt
r→ r+→ ∆
′(r+)(r − r+)
2(r2+ + a
2)
= κ(r − r+), (24)
and
φ¯ =
dφ
dt
r → r+→ a(1 + g
2r2+)
r2+ + a
2
, (25)
where ∆′(r+) denotes the first derivative of ∆r at hori-
zon radius r+ and κ is the surface gravity on the hori-
zon.
3.2 Geodesic equations of tunneling particles in a
dragging coordinate system
Now we shall calculate geodesic equation of the new
neutral rotating AdS black holes in conformal gravity
in a dragging coordinate system.
With regard to the metric (11), in order to make the
event horizon coincide with the infinite red-shift surface
in the dragging frame, we first perform a coordinate
transformation dφ = Ω¯dt in which the dragging angular
velocity Ω¯ reads
Ω¯ = − gtφ
gφφ
=
a∆θ
[
(r2 + a2)(1 + g2r2)−∆r
]
∆θ(r2 + a2)2 −∆ra2 sin2 θ
, (26)
then the metric (11) is sent to the following form
dsˆ2=− ∆r∆θΣ
∆θ(r2 + a2)2 −∆ra2 sin2 θ
dt2
+
2∆θΣ
√
(r2 + a2)
[
(r2 + a2)(1 + g2r2)−∆r
]
dtdr[
∆θ(r2 + a2)2 −∆ra2 sin2 θ
]√
1 + g2r2
+
Σ
(r2 + a2)(1 + g2r2)
dr2 +
Σ
∆θ
dθ2. (27)
Perfectly, the new form (27) satisfies Landau’s condi-
tion of the coordinate clock synchronization (Landau and Lifshitz
1987). In other words, if the simultaneity of coordinate
clocks can be transmitted from one place to another and
has nothing to do with the integration path, the met-
ric components in a dragging coordinate system should
satisfy (Zhang and Zhao 2005)
∂
∂xj
(
− g0i
g00
)
=
∂
∂xi
(
− g0j
g00
)
(i, j = 1, 2, 3) . (28)
In fact, because the covariant component gtθ is zero,
it only needs to demand the ratio gtr/gtt be a func-
tion which is independent of the variable θ. Indeed, its
consistency turns out to be true.
In addition, in the new form (27), there is no any
coordinate singularity at the event horizon in the drag-
ging coordinate system, and what is more, the event
horizon and the infinite red-shift surface coincide with
each other so that the geometrical optical limit can be
applied. These properties are very advantageous for us
to discuss Hawking radiation via tunneling from rotat-
ing black holes and work out the tunneling probability
at the event horizon.
Likewise, the corresponding Lagrangian in this drag-
ging system is given by
L=mΣ
2
{
− ∆r∆θ
∆θ(r2 + a2)2 −∆ra2 sin2 θ
t˙2
+2
∆θ
√
(r2 + a2)
[
(r2 + a2)(1 + g2r2)−∆r
]
[
∆θ(r2 + a2)2 −∆ra2 sin2 θ
]√
1 + g2r2
t˙r˙
}
+
r˙2
(r2 + a2)(1 + g2r2)
+
θ˙2
∆θ
, (29)
and we can obtain the generalized momenta Pα =
∂L/∂x˙α as follows
Pt=
mΣ∆θ
∆θ(r2 + a2)2 −∆ra2 sin2 θ
{
−∆r t˙
+
√
(r2 + a2)
[
(r2 + a2)(1 + g2r2)−∆r
]
√
1 + g2r2
r˙
}
, (30)
Pr=mΣ
{
1
(r2 + a2)(1 + g2r2)
r˙
+
∆θ
√
(r2 + a2)
[
(r2 + a2)(1 + g2r2)−∆r
]
√
1 + g2r2
[
∆θ(r2 + a2)2 −∆ra2 sin2 θ
] t˙
}
, (31)
Pθ=
mΣ
∆θ
θ˙. (32)
Hence the Hamiltonian is
H= t˙Pt + r˙Pr + θ˙Pθ + φ˙Pφ − L = mgµν x˙µx˙ν/2
=
mΣ
2
{
− ∆r∆θ
∆θ(r2 + a2)2 −∆ra2 sin2 θ
t˙2
+2
∆θ
√
(r2 + a2)
[
(r2 + a2)(1 + g2r2)−∆r
]
[
∆θ(r2 + a2)2 −∆ra2 sin2 θ
]√
1 + g2r2
t˙r˙
+
r˙2
(r2 + a2)(1 + g2r2)
+
θ˙2
∆θ
}
. (33)
Similarly, corresponding to the ignorable coordinate t
one can introduce a conservation constant Pt = E (en-
ergy) and impose the 4-velocity normalization condition
H = −mk/2, (k = 0, 1). Solving these equations which
7corresponds to these two integral constants, we get
r˙ = ±E
√
Wˆ
mΣ
, (34)
t˙ =− E
m∆r∆θΣΞ
{
∆θ(r
2 + a2)2 −∆ra2 sin2 θ
±
∆θ
√
(r2 + a2)
[
(r2 + a2)(1 + g2r2)−∆r
]
Wˆ
1 + g2r2
}
, (35)
in which
Wˆ =
(r2 + a2)(1 + g2r2)
[
∆θ(r
2 + a2)2 −∆ra2 sin2 θ
]2
∆θ
[
∆θ(1 + g2r2)(r2 + a2)3 −∆2ra2 sin2 θ
]
×
{
1− ∆r∆θ(m
2kΣ +∆θP
2
θ )
E2
[
∆θ(r2 + a2)2 −∆ra2 sin2 θ
]} . (36)
Thus the geodesic equations of massive particles in the
dragging coordinate system can be derived from Eqs.
(34) and (35),
1
r¯
=
dt
dr
=
t˙
r˙
=
r2 + a2
∆r
{√
1− ∆r
(r2 + a2)(1 + g2r2)
±
√
1− ∆2ra2 sin2 θ(1+g2r2)(r2+a2)3∆θ√
1− ∆r∆θ(m2kΣ+∆θP 2θ )
E2
[
∆θ(r2+a2)2−∆ra2 sin2 θ
]
}
. (37)
where the signs “± ” correspond to the geodesic equa-
tions of ingoing and outgoing particles from event hori-
zon.
Now we consider the geodesic equation of massless
particles in the dragging coordinate system. Let both
m and Pθ approach zero, we find
1
r¯
=
dt
dr
=
r2 + a2
∆r
{√
1− ∆r
(r2 + a2)(1 + g2r2)
±
√
1− ∆
2
ra
2 sin2 θ
(1 + g2r2)(r2 + a2)3∆θ
}
. (38)
It is worth noting that the result by setting g2 = 0
in (38) completely coincides with the previous result
(Jiang et al. 2006) which is actually the case of mass-
less particles. As a consequence, we can get geodesic
equations of massive and massless particles in a unified
way in the conformal gravity.
There is no doubt that the asymptotic behavior of
outgoing particles near the event horizon in the drag-
ging coordinate system needs to be studied. Therefore,
on the basis of the radial equation (37), when r goes to
r+, we have
r¯ =
dr
dt
r → r+→ ∆
′(r+)(r − r+)
2(r2+ + a
2)
= κ(r − r+) , (39)
and the angular velocity at the event horizon is given
by
φ¯ =
dφ
dt
r → r+→ a(1 + g
2r2+)
r2+ + a
2
= Ω+ . (40)
So far, we have in turn worked out the geodesic equa-
tions of particles which tunnel across the event horizon
of rotating AdS black holes in conformal gravity in a
non-dragging coordinate system and a dragging one.
It is worth mentioning that the geodesic equations of
particles have been successfully derived from the La-
grangian (12), rather than the relation vp = vg/2 be-
tween the group velocity and the phase velocity, espe-
cially for massive particles, we have effectively avoided
aforementioned shortcoming in the process of deriving
the massive and massless particles’ geodesic equations
and deduced geodesic equations of massive and massless
particles in a unified and self-consistent way in confor-
mal gravity.
Compare Eqs. (39) and (40) with (24) and (25), it
is indicated that the asymptotic behaviors of tunneling
particles across the event horizon in the dragging coor-
dinate system are the same as that in a non-dragging
one, that’s just what we would look forward to.
4 Tunneling probability of particles via
adopting different methods and coordinate
systems
Parikh-Wilczek’s semi-classical tunneling method and
the complex-path integral method have been frequently
used to explore Hawking radiation ever before. How-
ever, most of works following these two methods did
research on Hawking radiation with the help of coor-
dinate transformations such as a dragging coordinate
transformation, especially for the case of rotating black
holes (Zhang and Zhao 2004, 2005, 2006; Jiang et al.
2006). For the purpose of comparison, we will first use
the Parikh-Wilczek’s semi-classical tunneling method
to compute the tunneling rate in a dragging coordinate
system. And then, we shall adopt the complex-path
integral method to calculate the tunneling probability
without performing a dragging coordinate transforma-
tion.
84.1 Parikh-Wilczek’s semi-classical tunneling method
in a dragging coordinate system
At first, we start with the Parikh-Wilczek’s semi-
classical tunneling method in a dragging coordinate sys-
tem to derive the tunneling probability. In the pro-
cess of Hawking radiation, the energy of black holes
would reduce with particles tunneling out to the infin-
ity, meanwhile, the event horizon surface would shrink.
When taking the self-gravitation between particles into
consideration, with the permission for mass fluctuation
of black holes under the conditions of energy conserva-
tion as well as angular momentum conservation, and as-
suming that the energy of particles tunneling out black
holes is ω, then the corresponding line element in the
dragging coordinate system should be written as
ds¯2=− ∆¯r∆θΣ
∆θ(r2 + a2)2 − ∆¯ra2 sin2 θ
dt2
+
2∆θΣ
√
(r2 + a2)
[
(r2 + a2)(1 + g2r2)− ∆¯r
]
[
∆θ(r2 + a2)2 − ∆¯ra2 sin2 θ
]√
1 + g2r2
dtdr
+
Σ
(r2 + a2)(1 + g2r2)
dr2 +
Σ
∆θ
dθ2, (41)
where ∆¯r = (r
2+a2)(1+g2r2)+(M−ω)Ξ2r3/(αa2g2),
in which M is the mass of the black hole. In fact, if a
particle carrying an energy ω tunnel out black hole, the
mass and the angular momentum of the rotating AdS
black hole in conformal gravity will change to (M −ω)
and (M − ω)/(ag2), respectively.
What’s more, the radial geodesic equation of the out-
going particle is given by
1
r¯
=
r2 + a2
∆¯r
{√
1− ∆¯r
(r2 + a2)(1 + g2r2)
+
√
1− ∆¯2ra2 sin2 θ(1+g2r2)(r2+a2)3∆θ√
1− ∆¯r∆θ(m2kΣ+∆θP 2θ )
E2
[
∆θ(r2+a2)2−∆¯ra2 sin2 θ
]
}
. (42)
According to the WKB approximation, the emission
rate of the tunneling particle is related to the action of
the tunneling process by
Γ ∼ e−2ImS . (43)
It can be easily seen from the line element (41) that φ
is an ignorable coordinate in the Lagrangian function
L. To eliminate this degree of freedom, the imaginary
part of the action should be rewritten as
ImS=Im
∫ tf
ti
(L − Pφφ˙)dt
=Im
[ ∫ rf
ri
Prdr −
∫ φf
φi
Pφdφ
]
=Im
[ ∫ rf
ri
∫ Pr
0
dP ′rdr −
∫ φf
φi
∫ Pφ
0
dP ′φdφ
]
, (44)
where, ri and rf correspond to the horizon radius be-
fore and after the shrinkage, Pr and Pφ are the canon-
ical momenta conjugate to r and φ, respectively. To
proceed with an explicit calculation, we can utilize the
Hamiltonian equations of motion as follows
r¯ =
dH
dPr
∣∣∣
(r;φ,Pφ)
=
d(M − ω)
dPr
, (45)
φ¯ =
dH
dPφ
∣∣∣
(φ;r,Pr)
=
Ω
ag2
d(M − ω)
dPφ
, (46)
where we have made use of equations dH(φ;r,Pr) =
ΩdJ = Ω
ag2
d(M − ω) and Pφ = J = M−ωag2 . On the
basis of previous analysis, we have
ImS=Im
∫ rf
ri
∫ M−ω
M
(dHˇ − ΩˇdJ)dr
r¯
=Im
∫ rf
ri
∫ M−ω
M
[
d(M − ωˇ)− Ωˇ
ag2
d(M − ωˇ)
]dr
r¯
.
(47)
In order to complete the above integral, we need the
help of the asymptotic behavior of the outgoing parti-
cles near the event horizon
r¯ ≈ κˇ (r − rˇ+) , κˇ = ∆¯
′(rˇ+)
2(rˇ2+ + a
2)
, (48)
where κˇ denotes the surface gravity on the horizon after
the particles emission. The angular velocity is given by
Ωˇ =
a(1 + g2rˇ2+)
rˇ2+ + a
2
, (49)
in addition, the entropy is
Sˇ = −2piαa
2(1 + g2rˇ2+)
Ξrˇ2+
. (50)
One can verify that these thermodynamical quantities
comply with the differential form of the first law of
black hole thermodynamics (Liu and Lu¨ 2013) when
Λ = −3g2 is treated as a constant, namely,
d(M − ωˇ) = κˇ
2pi
dSˇ +
Ωˇ
ag2
d(M − ωˇ) . (51)
9Substituting Eqs. (48) and (51) into (47), the imagi-
nary part of action can be written as
ImS≈ Im
∫ rf
ri
∫ M−ω
M
d(M − ωˇ)− Ωˇ
ag2
d(M − ωˇ)
κˇ(r − rˇ+) dr
=−1
2
∫ SBH(M−ω)
SBH(M)
dSˇ = −1
2
△SBH . (52)
Therefore, the tunneling probability of particles is
Γ ∼ e−2ImS = e△SBH , (53)
which indicates that the Parikh-Wilczek’s result is also
true in the conformal gravity.
So far, we have got the tunneling probability of par-
ticles via adopting Parikh-Wilczek’s semi-classical tun-
neling method. In contrast to the conventional treat-
ment frequently used in tunneling integration, the supe-
riority of using the first law of black hole thermodynam-
ics is highlighted. There is no doubt that just as that in
Einstein gravity, the tunneling probability of a rotating
AdS black hole in conformal gravity is also related to
the change of Bekenstein-Hawking entropy and the real
radiation spectrum from a black hole is not pure ther-
mal any longer. Here our study is done in a dragging
coordinate system, however, it is, in fact, not limited to
do the same analysis in such a system, one can proceed
the same procedure in a generic non-dragging system.
To be not repeated, we shall not present the details
here. Instead, in the following we shall proceed with
the complex-path integral method in a non-dragging
coordinate system. It is worth mentioning that our
derivation process is different from most of previous
treatments by means of the same method in a dragging
coordinate system.
4.2 Complex-path integral method in a non-dragging
coordinate system
To develop the complex-path integral method, unlike
almost all of related works, here much effort is focused
on using it to work out the tunneling probability in a
non-dragging coordinate system, thus to avoid a drag-
ging coordinate transformation, even in rotating black
hole in conformal gravity. We now consider a scalar
particle moving in the classical black hole with the
background spacetime fixed. Therefore, we neglect the
particle’s self-gravitation when considering the semi-
classical approximation and onl-y the leading contri-
bution. As a consequence, the corresponding action I
satisfies the classical Hamilton-Jacobi equation
gµν∂µI∂νI +m
2 = 0 . (54)
Substituting the metric components (1) into Eq. (54),
the Hamilton-Jacobi equation becomes
−
[
(r2 + a2)∂t˜I + a(1 + g
2r2)∂φ˜I
]2
∆rΣ
+
∆r
Σ
(∂rI)
2
+
∆θ
Σ
(∂θI)
2 +
(
a sin θ∂t˜I +
∆θ
sin θ∂φ˜I
)2
∆θΣ
+m2 = 0. (55)
Use the following ansatz for variable separation
I = −Et˜+R(r) +X(θ) + Jφ˜ , (56)
accordingly, we denote
∂t˜I = −E, ∂φ˜I = J, ∂rI = R′(r) = dR(r)/dr,
∂θI = X
′(θ) = dX(θ)/dθ. (57)
Substituting Eq. (57) into (55) and performing separa-
tion of variables r and θ, we have, respectively, for the
radial part and the angular part,
[
a(1 + g2r2)J − (r2 + a2)E
]2
∆r
−∆rR′2(r)−m2r2 = C,
(58)
∆θ
( J
sin θ
− Ea sin θ
∆θ
)2
+∆θX
′2(θ) +m2a2 cos2 θ = C,
(59)
in which C is the separation constant. Solving the ra-
dial part for the outgoing particles from Eq. (58), we
get
R′+(r) =√[
a
(
1 + g2r2
)
J − (r2 + a2)E]2 −∆r(m2r2 + C)
∆r
.
(60)
Since the leading contribution near the horizon is dom-
inant, we may use the following near-horizon approxi-
mation,
∆r = (r − r+)∆′(r+) + · · · , (61)
thus, Eq. (60) turns into
R′+(r) = −
(r2+ + a
2)E − (1 + g2r2+)aJ
(r − r+)∆′(r+) . (62)
Using the asymptotic behavior of the outgoing particles
near the event horizon, it is not difficult to get
R+(r+) = ipi
E − ΩJ
2κ
. (63)
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Taking into account the contribution of both the in-
going and outgoing particles and noting that ImI =
ImR(r+) (Angheben et al. 2005), the tunneling proba-
bility of particles is
Γ ∼ e− 2piκ (E−ΩJ) . (64)
It is obvious that Eq. (53) is different from Eq. (64), the
reason for this is that here the particles’ self-gravitation
has been neglected when considering the semi-classical
approximation and only the leading contribution. This
is different from our previous treatment.
As a conclusion, to calculate the tunneling prob-
ability, both the Parikh-Wilczek’s semi-classical tun-
neling method and the complex-path integral method
are available even in conformal gravity. It should be
pointed out that attempt to calculate tunneling prob-
ability of Hawking radiation without dragging coordi-
nate transformations turns out to be a success finally.
In other words, calculating the tunneling probability
in a non-dragging coordinate system is indeed feasible,
not limited in a dragging system any longer.
5 Hawking temperature by using the method
of complex-path integral
As a supplementary verification of the feasibility of the
complex-path integration method in conformal gravity,
in this section we shall use it to calculate Hawking tem-
perature of rotating AdS black holes in conformal grav-
ity.
For our aim, the neutral rotating AdS black hole
solutions in conformal gravity (1) is rewritten in a dif-
ferent form
ds˜2=− ∆r∆θΣ
(r2 + a2)2∆θ −∆ra2 sin2 θ
dt˜2 +
Σ
∆r
dr2
+
Σ
∆θ
dθ2 +
[(r2 + a2)2∆θ −∆ra2 sin2 θ] sin2 θ
ΣΞ2
×
{
dφ˜− a∆θ
[
(r2 + a2)(1 + g2r2)−∆r
]
(r2 + a2)2∆θ −∆ra2 sin2 θ
dt˜
}2
, (65)
where Σ, Ξ, ∆r, ∆θ are the same as those given in
(1). Considering the near-horizon approximation of the
metric, from (65) we have
ds˜2=−Σ+∆
′(r+)(r − r+)
(r2 + a2)2
dt˜2 +
Σ+ dr
2
∆′(r+)(r − r+)
+
Σ+
∆θ
dθ2 +
(r2 + a2)2∆θ sin
2 θ
Σ+Ξ2
(dφ˜− Ω+dt˜)2, (66)
where Σ+ = r
2
++a
2 cos2 θ and Ω+ = a(1+g
2r2+)/(r
2
++
a2) is the angular velocity of the horizon. According to
the work (Angheben et al. 2005), we get
β =
4pi(r2+ + a
2)
∆′(r+)
=
2pi
κ
, (67)
therefore the Hawking temperature is
T =
r2+(g
2r2+ − 1)− a2(3 + g2r2+)
4pir+(r2+ + a
2)
. (68)
It agrees with the expression given in (2) which is de-
rived by means of standard method. To some extent,
thus this conclusion provides further evidence for feasi-
bility of the complex-path integration method in con-
formal gravity.
6 Conclusions and Discussion
In this paper, we have filled the blank and, as a exten-
sion, chiefly studied the Hawking radiation as tunneling
in conformal gravity, especially from the new neutral
rotating AdS black holes (Liu and Lu¨ 2013), by using
the Parikh-Wilczek’s semi-classical tunneling method
and the complex-path integral method, thus providing
a more perfect understanding for Hawking radiation as
tunneling.
With rectifying shortcoming of previous works in de-
ducing the geodesic equations, we have derived geodesic
equations of massive and massless particles in a unified
and self-consistent way in conformal gravity. In fact,
the improved derivation is available in any other gravity
theory, because process of deriving the geodesic equa-
tions from the Lagrangian is not dependent on specific
gravity theory.
Afterwards, we have adopted two different methods,
namely, the Parikh-Wilczek’s semi-classical tunneling
method and the method of complex-path integral to
work out the tunneling probability, respectively. It
should be pointed out that, in this paper, the method
of complex-path integral have been used in a universal
coordinate system, not limited in a dragging coordi-
nate system as before any longer even in the rotating
case. Our results show that the tunneling probability
when taking into account self-gravitation is related to
the change of Bekenstein-Hawking entropy and the real
radiation spectrum from black hole deviates from the
pure thermal spectrum, however, the tunneling prob-
ability is not directly in connection with the entropy
change as one considers the semi-classical approxima-
tion and the leading contribution while neglecting self-
gravitation.
It is of interest to extend the present work to probe
further into the Hawking radiation from the charged
rotating AdS black holes in conformal gravity. We leave
this for the future plan.
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Appendix
In this Appendix, we will show that there is another
kind of coordinate system that can do the tunneling
calculation.
If we introduce the following coordinate transforma-
tions
dt˜ = dt−
√
r2 + a2
√
(r2 + a2)∆θ −∆r
∆r
√
∆θ
dr , (A1)
dφ˜ = dφ− a
√
1 + g2r2
√
(r2 + a2)∆θ −∆r
∆r
√
(r2 + a2)∆θ
dr , (A2)
the metric (1) turns into a new form
ds2=−∆θdt2 + Σdθ
2
∆θ
+
∆θ(r
2 + a2) sin2 θ
Ξ2
(dφ − ag2dt)2
+
[√∆θ(r2 + a2)−∆r√
ΣΞ
(∆θdt− a sin2 θdφ)
+
√
Σ
∆θ(r2 + a2)
dr
]2
. (A3)
One can repeat the same procedure in the main text
to derive the geodesic equations and the tunneling rate
of massive particles, which is omitted here. Now the
dragging angular velocity is
Ω = − gtφ
gφφ
=
a∆θ
[
(r2 + a2)(1 + g2r2)−∆r
]
∆θ(r2 + a2)2 −∆ra2 sin2 θ
. (A4)
After performing a dragging coordinate transformation
dφ = Ωdt, the metric (A3) is then changed into the
following form
ds2=− ∆r∆θΣ
∆θ(r2 + a2)2 −∆ra2 sin2 θ
dt2
+
2Σ
√
∆θ(r2 + a2)
[
(r2 + a2)(1 + g2r2)−∆r
]
∆θ(r2 + a2)2 −∆ra2 sin2 θ
dtdr
+
Σ
(r2 + a2)∆θ
dr2 +
Σ
∆θ
dθ2. (A5)
The metric (A5) components in the dragging coordinate
system can’t satisfy Eq. (28) due to
∂
∂θ
(
− gtr
gtt
)
6= ∂
∂r
(
− gtθ
gtt
)
= 0. (A6)
Different from the metric (27), the metric (A5) can’t
satisfy Landau’s condition of the coordinate clock syn-
chronization (Landau and Lifshitz 1987), however, one
can still finish the tunneling analysis without any diffi-
culty in this coordinate system too.
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